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ABSTRACT

The focus of this work is the extension of the class of admissible bodies in continuum me-
chanics to include some fractal bodies and formulation of an appropriate stress theory. The
inclusion of such irregular sets is made available by the introduction of a Lipschitz type con-
figuration space. Cauchy’s postulates is assumed for the system of forces which is shown to be
uniquely represented by a flat (n−1)-cochain. With the identification of the system of forces
by a flat (n−1)-cochain it is shown that the general setting proposed applies to bodies which
are represented by flat n-chains, such bodies are referred to as generalized bodies.

In the past 60 years, various mathematical structures for the class of admissible bodies have
been presented (see [3] for a historical review). A widely accepted approach is to associate
bodies with sets of finite perimeter so that Cauchy’s theorem enables the representation of a
force distribution by a measure which is referred to as the stress. Sets of finite perimeter were
chosen as optimal candidates for the class of admissible bodies due to the availability of the
Gauss-Green theorem.

An increased interest, e.g., [2], in fractal-like structures brings to light the need for a gen-
eralized formulation of Cauchy’s stress theorem which is applicable to fractal bodies. The
work presented here provides an abstract formulation for bodies which are as irregular as flat
n-chains in an n-dimensional Euclidean space such as the Koch snowflake in R2.

In an n-dimensional Euclidean space En, the universal body is modeled as an open set U ⊂En,
a body B ⊂ U is a set of finite perimeter and Γ(B) = (Γ̂(B),νB) is used to denote the
measure theoretic boundary Γ̂(B), of the body B, equipped with the orientation induced by
the outwards pointing measure theoretic normal νB. A material surface S is a pair (Ŝ,ν) such
that for some body B, we have Ŝ ⊂ Γ̂(B)∩B, where B is a Borel subset of U . A body B is
identified with a unique n-chain TB such that for every smooth, compactly supported n-form
ω defined on U we have

TB(ω) =

ˆ
B

ω.

We note that while a set of finite perimeter is an equivalence class of sets which differ by a
sets of Lebesgue measure zero, the introduction of TB allows the body B to be identified with
a unique de Rham current. Similarly, TS is defined as the (n− 1)-chain oriented by ν . The
current TB is shown to be a normal n-current with ∂TB = TΓ(B), where ∂ is the boundary
operator for chains (see [1]). The current TS is shown to be an (n−1)-current of finite mass.

Let L (U,V ) denote the space of bounded Lipschitz maps from U to V . Similarly, LEmb(U,V )
is the set Lipschitz Embeddings and L loc(U,V ), L loc

Emb(U,V ) denote the corresponding spaces
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where the aforementioned properties hold only locally. Formally, a configuration of a body B
is an element κB ∈LEmb(B,En) and a system of compatible configurations is a collection of
configurations {κB} which is pairwise compatible. Each system of compatible configurations
is represented by a unique element κ ∈ L loc

Emb(U ,En). It is shown that L loc
Emb(U ,En) is an

open subset of L loc(U ,En), hence, it is natural to view a global virtual velocity as an element
ξ ∈L loc(U ,En).

The virtual velocity for a body B is defined by using the multiplication of sharp-functions and
currents, the term ξ TB is viewed as an n-tuple of normal n-currents such that (ξ TB)i = ξiTB

for i = 1, . . . ,n. Similarly, ξ TS is an n-tuple of (n−1)-currents of finite mass.

A system of forces Φ, at the configuration κ , is viewed as a map (S,ξ ) 7→ R which is additive
on disjoint compatible surfaces and linear in ξ . Furthermore, in accordance with Cauchy’s
postulate we assume the existence of cκ ,bκ < ∞ such that |Φ(S,ξ )| ≤ cκ |S|‖ξ‖ and for each
S = (Γ(B),ν), |Φ(S,ξ )| ≤ bκ |B|‖ξ‖. It follows that Φ is represented by an n-tuple of flat
(n−1)-cochains which is also denoted by Φ.

An internal virtual velocity, a strain-like entity, is represented by an n-tuple of (n−1)-chains.
An internal virtual velocity ε is said to be compatible if there exists a body B and a virtual
velocity ξ such that εi = ξi(∂TB)−∂ (ξiTB). We use ε(B,ξ ) to denote the n-tuple of (n−1)-
chains associated with a compatible internal velocity B and ξ .

A system of forces, Φ, is represented by a unique n-tuple of flat (n−1)-chain, an element in
the dual space of internal virtual velocities. Thus, for a compatible internal virtual velocity,
the action Φ(ε (ξ ,TB))is well defined and by the definition of ε (ξ ,TB) we obtain

Φ(ε(B,ξ )) = Φ(ξi(∂TB)−∂ (ξiTB)) ,

= Φ(ξ ∂TB)−dΦ(ξ TB). (1)

Equation 1 is viewed a generalization of the principle of virtual power were the term Φ(ξ ∂TB)
is the virtual power associated with the surface forces and the term−dΦ(ξ TB) is identified as
the virtual power associated with the body forces.

Using the representation of flat cochains by flat forms, each flat (n− 1)-cochain Φi is repre-
sented by a flat form DΦi . The n-tuple of flat (n−1)-form DΦ, is referred to as the stress.

A generalized body B̃ is a set for which the corresponding chain, T
B̃

is a flat n-chain. We
say that the (n−1)-chain S̃ = (∂T

B̃
)∩P, for a polytope P, represents a generalized material

surface if it is a flat (n− 1)-chain. Using [5], it is shown that for almost every polytope P,
(∂T

B̃
)∩P determines a flat (n−1)-chain. Using the representation of the system of forces by

flat cochains, we note that the system of forces is bounded with respect to the flat norm, hence,
the action Φ(S̃,ξ ) is well defined and applies even to material surfaces with infinite mass.
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